The parametric vibrations of orthotropic plates with complex forms for different types of boundary conditions are studied. The proposed novel hybrid approach is based on combination of the so called Rfunctions method and the variation method. In particular, advantages of a multimode approximation used for plate behavior analysis are addressed, among others.
Introduction
It is clear that problems of plate (shell) vibrations have attracted the attention of scientists and engineers for many years, due to their wide application as components of modern constructions used in civil, aerospace, ship and transport engineering during construction of the so called slender structures including pipelines, bridges, telescopes, submarines, oil-tankers, high-rise buildings, shuttles, rotorcrafts, space stations, military and civil aircrafts, etc. (see, for example recently published monograph and references therein [14] ). Plates and shells are also often used in applications in various measuring devices and nano-technology, and they may have very complicated geometry as well as mixed and non-classical boundary conditions. For this reason research of plate behavior with complex form (non-canonical) has received particular interest in many already mentioned application-oriented problems. However, in general, getting reliable solutions to the real dynamical behavior of complex shape plates is in many cases restricted by a series of mathematical difficulties. In spite of that, for 50 years the R-functions method has been successfully applied to solve linear and nonlinear vibration problems of isotropic, orthotropic and composite plates and shells, including free and forced vibration, static and dynamical stability problems, bifurcation analysis, etc.; however, this powerful method still seems to be ignored by many Westernoriented researchers.
In general, the R-functions allow the basis function to be built in an analytical way for different static and dynamic boundary conditions and on arbitrary domains. Direct application of the classical approaches via FEM (Finite Element Method) or FDM (Finite Difference Method) meets serious difficulties in getting reliable solutions in the case of complex shape domains, but the R-functions approaches allow these problems to be easily overcome and to obtain meshless discretization of bi-and three-dimensional domains of complex plate shapes.
Owing to limitation of space in our paper we encourage readers to be acquainted with a review of the R-functions theory reported in references [7, 11, 12] .
It should be noted that although the Rfunctions method is not widely known among Western scientists, in the monograph of Amabili [1] a chapter devoted to meshless discretization of plates and shells of complex shape via the R-functions approach is appeared. In this monograph and in paper [9] the Rfunctions theory was applied to investigation of the nonlinear vibrations of the isotropic shallow shells using one-mode approximation in time.
Parametrically excited vibrations have been investigated in fundamental works [6, 13] , and many others. In recent papers [3, 4, 16] , new problems of parametric plates (shells) vibrations including their bifurcation and chaotic dynamics are studied. However, in all of these and other works mainly dynamics of rectangular and circular plates with limited (classical) types of boundary conditions have been investigated. In papers [5, 8] instability domain and response curves in instability zones of isotropic plate with complex form are investigated with using of RFM (R-Functions Method) and one-mode approximation.
In this work we propose to use RFM together with multimode approximation for parametric regular and chaotic vibrations analysis of orthotropic plates with complex shape.
The main idea of the proposed method applied by us relies on reduction of the equations governing dynamics of plates to a set of evolutionary ordinary differential equations (ODEs) through an application of variation-type methods. Note that the coefficients of the mentioned ODEs are found by the Ritz method in result of solving a series of linear boundary value problems. On the other hand a set of basic functions is constructed using RFM. It should be emphasized that basic functions build in such way exactly satisfy boundary conditions, and therefore the proposed novel method is challenging and preferable than others existing methods devoted to study nonlinear dynamics of plates in a domain of the complex shape.
Problem formulation
Let us consider parametric vibrations of an orthotropic plate with constant thickness h subjected to in-plane periodic load p. The equations of the plate dynamics in a mixed form based on the Kirchoffs hypotheses can be cast in the following form (see [2, 15] )
where w is deflection of the plate, Φ(χ,γ) is the stress (Airy's) function being introduced by the stresses σ χ , σ ν and τ through the standard formulas
The operators Z,, L, occurring in (1), (2) are defined as follows
and the expressions for Ζ,(>ν,ιν), Ζ,(ιν,Φ) are Note that equations (1), (2) are already presented in a non-dimensional form, and relations between dimensional and nondimensional values are defined as
method in combination with R-function theory (this task will be addressed further). The stress functions are sought for in the following form a Later, bars over non-dimensional values will be omitted. The coefficients C,, C 2 and C 3 appearing in (l)-(4) are defined by the following relations (5) In (l)-(5) EI, E 2 are elasticity (Young) modules, //,, μ 2 are Poisson's ratios, G is shear modulus, p is the plate density, and ε is a damping coefficient.
The evolutionary PDEs are supplemented with initial and corresponding boundary conditions. Initial conditions for plate deflection are taken in the form whereas the boundary conditions are introduced in various ways and they depend on plate type of support.
Method of solution
Let us present the plate deflection in the following form 
which satisfies conditions of the form The functions Φ 1} (x,y) appearing in (8) are solutions to the following equations
The right hand-side of (11) has the following form The boundary conditions for functions Φâ re homogeneous and defined by corresponding conditions for<2> 0 . In order to solve the problems (9), (10) and (11) for plates with complex shape the matched method including the Ritz approach as well as the R-function theory is used.
Substituting formulas (6) and (8) for w and Φ into equation (2) , and applying the standard Bubnov-Galerkin method, we can reduce the input system of nonlinear partial differential equations (PDEs) to an appropriate system of ordinary differential equations (ODEs) of the following form If the investigated plate is in a homogeneous subcritical state and is loaded along the boundary interval parallel to the axis OY (see Figure 3) , then the function Φ 0 is yielded by the following simple formula 
Note that the coefficients of the system (12) are defined through double integrals over the investigated domain by the following formulas Ik-1 System (12) may be also presented in the matrix form (14) where
Jnj and the vector B(f) have the following components
(*)
In this case the formula (13) for a} ' is essentially simplified, i.e. it takes the form
and hence in this case the problem of finding a solution to the problem (9), (10) can be omitted.
3.
R-functions method versus parametric vibrations of the orthotropic plates. The R-functions method is often referred as a structural method because the main concept of this method relies on definition of the solution structure of the boundary value problems. This definition was initially given by V.L. Rvachev, who is a precursor and an introductor of the R-functions theory [11] .
Let X (/?) be a domain of definition of the operator A of the boundary value problem. Suppose that the following boundary conditions are introduced In the above formula Β is the operator of solution structure, Φ = (Φ,,Φ 2 ,...,Φ ί ) is the element of some set M, and Β: Μ -> Χ (Ω). In the given case the operator Β of the structure solution will be linear one, ω, ω, are some functions describing equation of a whole boundary domain ΟΩ and its separated parts an,.
The structure satisfying all boundary conditions is called general structure of solution (GSS). If the constructed solution structure satisfies some of the given boundary conditions then it is called partial structure solution. From definition of the solution structure, satisfying some or all boundary condition it follows that element Φ e Μ , included in structure, may be chosen by an arbitrary way, since the given boundary conditions will be satisfied independently by the mentioned choice. That is why the component is called indefinite one. It is natural motivation that this element should be chosen in such a manner that the governing differential equations will be satisfied in the most suitable way.
However, one of the key aspects of the proposed approach is that the constructed solution structure must be completed.
Definition.
The structure solution satisfying a given boundary condition is called complete if there exists such element Φ* e Μ that formula U* = β(φ* ,ω,ωλ determines the exact solution of the problem. Note that only complete structures are interesting for applications, and for the problems of plate's theory some of such structures had been already constructed and reported in references [7, 11, 12] .
The previous discussions related to solutions structure allows to conclude that their construction is possible assuming knowledge of equations the whole plate boundary, and also one may construct the analytical expressions of the plate boundary parts. The method of construction equations of a domain boundary as well as of its any part was also proposed by V.L. Rvachev [1 1]. As it had been shown in his numerous works first it is needed to construct the so-called logic formula of the domain, also named two-valued predicate, which is defined as follows Ω = Usually, the general predicate is build with a help of the corresponding predicates Ω,· (Af) of the sub-domains forming the given domain. In other words the general predicate is a Boolean function F(Q,,Q 2 ,...,Q n ). The function F can be complete one depending on its arguments Ω,,Ω 2 ,...Ω η , which are also Boolean variables. That function is obtained by applying the standard Boolean operations ν, Λ, -(disjunction, conjunction and negation, respectively) corresponding to the unions, intersection η and negation of the applied sets. In order to give an insight to the illustrated method let us construct the logic formula for the domain shown in Figure 1 . 
It should be noted that R-functions theory allows constructing the equation of the border which is described by function <o(x,y) normalized up 1-order. In this case the function co(x,y) satisfies the following conditions Let us consider some type of the boundary conditions and construct the corresponding solutions structures for plates of the complex shape but bounded by straight lines (Figure 1 and Figure 3) .
Suppose that the plate is simply supported along all counters. In this case the boundary conditions for eigenfunctions w, are Here differential operators Z), and D 2 have been defined by the formulas [7, 11, 12] : and on domain boundary coincides with normal derivatives
In the above η is interior normal to domain boundary. In differential-difference structure (23) comma means derivatives with respect to χ andy .
Let us consider the mixed boundary conditions for deflection function. Suppose that eigenfunctions w, have to satisfy the following conditions ( ,
, , on
In order to construct the solution structure satisfying current mixed boundary conditions let us apply the generalize formula by Lagrange [11] . Two kind of formulas are presented below: The form of the presented structures for considered conditions is more complicated if the boundary is a curved one [7, 11, 12] . However, it is needed to satisfy only main boundary conditions, then these structures are simplified essentially and takes the form: for simply supported plate: for mixed conditions:
(26) (27) Note that in (22)-(27) P,,P 2 are indefinite components of the structure that is presented as an expansion in a series of some complete system (power polynomials, Tchebyshev polynomials, splines, etc.).
More details about solution structures satisfying boundary conditions for stress function Φ one may find in [7, 11, 12] . Later we will present structures for considered problems.
Numerical results.

Testing problem
In order to test and validate the proposed approach let us investigate the parametric vibrations of the rectangular simply supported Note that for rectangular plate function Φ 0 may be taken in the form (15) . Now let us find the functions <f> t j(x,y). To solve the problem (11) with boundary conditions (29) the Ritz method together with RFM are used also. One may easily prove that the variational statement of the problem is reduced to minimization of the following functional [10] '(·.)-JJ Ω c/Ω.
The structure of solutions for functions Φ /7 , which satisfy the boundary conditions (29) are constructed in the form Φ ϋ =ω·Ρ 3 .
The function ca(x,y) in (26), (31) normalized up 1-for rectangular plate can be written as follows or with the help of the R-functions where y| , / 2 are defined by (17), (18).
The indefinite component P^ in (31) is expanded into a series similarly to P } in (30). By the symmetry of the boundary value problem for approximation of indefinite components P lt P 3 in (26), (31) the following power polynomials are used:
Control of results convergence allows the use of twenty one basic functions, which corresponds to tenth power of polynomials. System (14) is integrated by the standard fourth-order Runge-Kutta method.
Calculations are carried out for fixed value of exciting frequency 0 = 8 and with variations of p 0 (the values of p 0 are chosen the same as in [3] for a validation purpose). Values of geometrical parameters, damping coefficient and initial amplitude are the following ones: alb = \, ε = \, w 0 =0.001. During our study one-order and three-order approximations are applied, and since the rectangular plate is symmetrical to the axes OX and ΟΥ , respectively, the modes (1,1), (3,1), (1,3) (Table  1 ) are applied.
Analysis of dynamic behavior is carried out at the point of maximum deflection of the first form M(x 0 ,y 0 ):
1=1
For square plate maximum point of first form is the plate central point A/ (0,0) (in Table 2 dependences w(t) and w(w) are presented). Comparison of the obtained results with that of reference [3] allows drawing a conclusion that one-mode approximation is insufficient in getting reliable results. However, the results obtained via third-modes approximation are in a good agreement with the results reported in reference [3] . Note that we approximated the displacements of the rectangular plate by truncated series with number of terms not more than fifteen.
Parametric vibrations of plate with complex shape.
Example 1.
In what follows we also illustrate our approach using an example of a complex shape plate, namely the plate with a rectangular cut-out (Figure 3 ). Let us suppose the plate is loaded longitudinally along the edges parallel to axis OY. Sections of boundary corresponding to cut-outs are clamped; other part of the plate boundary is simply supported. In other words the considered boundary conditions are defined in the following form 
The computations are carried out for an isotropic plate. The following harmonic loading is taken p = p 0 smOt,
and the fixed value of excited frequency 0 taken close to the eigenfrequency and control parameter p Q ( b I a -1, ε = 1, >v 0 = 0.001). The functions/j, f 2 are defined by (17), (18), and the functions^, f 4 have the following form Since the plate under consideration has a homogeneous subcritical state, the task of finding function Φ 0 is omitted.
The algorithm already described and illustrated for the square plate analysis is applied for finding functions Φ,·,. It is clear that boundary conditions (34) for functions Φ,·, may be replaced by conditions 5Φ., Φ =0.-i = 0.
J dn
The structure of the solution used for these conditions has the form
Indefinite components P\,P 3 in (27) To verify the obtained results let us investigate the convergence of the natural frequencies increasing number of the series terms and applying the different solution structures. Table 3 shows the values of the nondimensional frequencies for plate with fixed ratio cl a = g I a = 0.2, b I a = 1. As follows from Table 3 , the linear frequencies converge within three significant digitals starting from 45 terms of series for structure (26) and from 66 terms of the series for structure (24). Therefore 45 basic functions are used for further calculations. Difference of the results obtained with help of different structures does not exceed 0.8% that confirms their validation.
One of the ways for examination of the obtained results is degeneration of the complex domain in canonical one. For example, if we will increase the ratio cla and gla then given plate takes the square shape, for which the natural frequency are known. Indeed, Table  4 shows that the natural frequencies approach the corresponding values for square plate when cla and g I a approach value equal to 0.5. Observe that our so far investigated plate possesses an asymmetric shape. Further we will take into account the first three vibration modes. These modes are presented in Table 5 . One-and three-modes approximations are applied to obtain the results for excited frequency 0 = 9. Time history w(/) and phase portrait w(w) at the point of the first mode maximum (32) are shown in Table 6 (the studied plate achieves its maximum deflection in point Μ(-0.104α,-0.104α)). Further results are obtained fore/a = g/a = 0.2. 
Po
One mode approximation The system behavior is similar for one and three mode approximations when/7 0 e[0,6j.
Increasing parameter p 0 results in a qualitative change of the plate vibrations, and a transition from regular to chaotic plate regime is observed assuming that third order approximation is applied. In other words the results obtained using one-order approximation for /fye [6.1,14] qualitatively differ from that of three-order approximation. Example 2. Let us revisit the parametric vibrations of the orthotropic plate of complex shape shown in Figure 1 . The plate is subjected to load of the form (35), which is applied longitudinally along the plate edges being parallel to the axis ()Y. Assume that deflection w satisfies boundary conditions (28) The validation of the obtained results for this plate has been carried out by methods described for plate shown in Figure 3 . Table 7 shows the effect of cut-out decrease on nondimensional natural frequencies. Like in previous example, if sizes of the cut-out are decreasing then frequencies approach corresponding frequencies of square simply supported orthotropic plate. It should be noted that for square plates the frequencies corresponding to modes (1, 1), (1, 2) , (1, 3) will be calculated. Degeneration of plate with complex form in square plate leads to £ decrease of natural frequencies. For ratio -= a 0.5 and -= = 0.02, when the plate a a under consideration practically degenerates in square one the corresponding frequencies are very close to each other. This fact confirms the reliability of the obtained results.
In order to find \v t and Φ,. forty nine basic functions are used, which corresponds to the 12-power of the associated polynomials. Further results were obtained for da-0.6 , g/fl = 0.1, bla = \, ε = \, w 0 = 0.001. In Table 8 the first three modes (1,1), (1, 2) , (1, 3) with the corresponding linear frequencies are presented.
In what follows the effect of multimode approximation (three modes) on the investigated plate characteristics is further studied for a fixed value of the excited frequency 0 = 19 taken near the main eigenfrequency and for various values of the parameter /? 0 .
Dependencies w(/) and w(w) are computed at the point of first mode maximum Λ/(θ,-0.141α), and the obtained results are reported in Table 9 . Table 9 . Effects of the number modes on the time history w(f) and phase portrait Vv(w)
One mode approximation On analyzing the data in Table 9 one may see that results obtained with use one-mode approximation differ from results obtained applying three-modes approximation and draw a conclusion that for chaotic behavior of plate investigation one-mode approximation can not be used.
Conclusions.
A novel method of parametric regular and chaotic vibrations of orthotropic plates with complex shapes for different types of boundary conditions has been proposed. The proposed method is based on applying a hybrid approach matching both variational methods and Rfunction theory. It has been shown and illustrated that application of the RFM often requires use of basic functions, and a way of their construction has been outlined. The numerical results are obtained for plates of either square or complex shapes using first and third modes of approximations. In addition to the general theoretical results our numerical analysis has shown that one mode approximation cannot be used in all regimes of nonlinear dynamics of the orthotropic plates, and in particular during their chaotic dynamics.
